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on two different variables from the continuity equations. We develop an argument of
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RESUME

Dans cet article, nous prouvons l’existence de solutions globales pour ’équation
de Navier—Stokes compressible bifluide en trois dimensions d’espace. La pression
dépend de deux quantités transportées par le flot. Nous développons une méthode
de réduction de variables pour I’étude de la pression. Nous obtenons ainsi la
convergence forte des densités, et ’existence de solutions globales en temps pour le
systéme étudié.

© 2018 Elsevier Masson SAS. All rights reserved.

1. Introduction

In this paper, we are considering a viscous compressible two-fluid model with a pressure law in two vari-

ables. We show the existence of global weak solutions to the following two-fluid compressible Navier—Stokes

system in three dimensional space:
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ng + div(nu) =
pt + div(pu) = (1.1)
[(p+n) ]t [(p+n)u® u] +VP(n,p) = pAu+ (pn+ A)Vdivu  on Q x (0,00),

with the initial and boundary conditions

n(x,0) = ng(z), p(z,0) = po(z), (p+n)u(x,0) = My(z) for =€,
ulag =0 for ¢t >0, (1.3)

where Q C R? is a bounded domain, P(n, p) = p” + n® denotes the pressure for v > 1 and a > 1, u stands
for the velocity of fluid, p and n are the densities of two fluids, u and A are the viscosity coeflicients. Here
we assume that p and A are fixed constants, and

w>0, 2u+XA>0.

The two-fluid model was originally developed by Zuber and Findlay [34], Wallis [32], and Ishii [19,20]. The
case a = 1 corresponds to the hydrodynamic equations of [6,30]. It was derived in [6,30] as an asymptotic
limit of a coupled system of the compressible Navier—Stokes equation with a Vlasov—Fokker—Planck equation.
The case o = 2 is associated to the compressible Oldroyd-B type model with stress diffusion, see Barrett,
Lu, and Suli [1]. The main difference with the classical compressible Navier—Stokes equations is that the
pressure law P(p,n) = p¥ + n® depends on two variables. In this context, the existence of weak solutions
to equations (1.1) remained open until now. We refer the reader to [2—4,19,20,32,34] for more physical
background and discussion of numerical studies for such mathematical models.

One difficulty dealing with the compressible Navier—Stokes equation is the degeneracy of the system close
to the vacuum (when the density is vanishing). The first existence result for the compressible Navier—Stokes
equations in one dimensional space was established by Kazhikhov and Shelukhin [22]. This result was
restricted to initial densities bounded away from zero. It has been extended by Hoff [14] and Serre [31] to
the case of discontinuous initial data, and by Mellet—Vasseur [29] in the case of density dependent viscosity
coefficients. For the multidimensional case, the first global existence with small initial data was proved by
Matsumura and Nishida [25-27], and later by Hoff [15-17] for discontinuous initial data. Lions, in [23],
introduced the concept of renormalized solutions for the compressible Navier—Stokes equations which allows
to control the possible oscillations of density. He proved the global existence of 3D solutions for v > %, and
large initial values. It was later improved by Jiang and Zhang [21] for spherically symmetric initial data for

~v > 1, and by Feireisl-Novotny—Petzeltovd [12] and Feireisl [13] for v > 2, and to Navier—Stokes-Fourier

)
systems. One key ingredient of the theory [23,21,12] is to obtain higher 1nt2grability on the density. This is
obtained thanks to the elliptic structure on the viscous effective flux, and the specific form of the pressure
P = p”. Relying on this structure, Lions deduced that the density p is uniformly bounded in L7+% 1, Note
that for 1 <y < %, the construction of weak solutions for large data remains largely open, see [24]. The
primary difficulty is the possible concentration of the convective term in this case. Very recently, Hu [18]
studied the concentration phenomenon of the kinetic energy, p|u|?, associated to the isentropic compressible
Navier—Stokes equations for 1 < v < % Finally, let us mention a very promising work of Bresch—Jabin [5].
They developed a new method to obtain compactness on the density. This method is very different from
the theory initiated by Lions. It allows already the treatment of non-monotone pressure laws.

The problem becomes even more challenging when the pressure law depends on two variables as follows

P(p,n) = p” +n. (1.4)

To the best of our knowledge, the only results on global existence of weak solutions to System (1.1) with
large initial data are restricted to the one dimension case, see [9,11] (see also [8,10,33] for smallness assump-
tions). In [1], Barrett—Lu—Suli established the existence of weak solutions to a compressible Oldroyd-B type
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model with pressure law P = p” +n + n?, in the two dimensional space, but with an extra diffusion term
on the n equation. This provides higher regularity on n due to the parabolic structure. David—Michalek—
Mucha—Novotny—Pokorny—Zatorska in [28] constructed a weak solution of the compressible Navier—Stokes
system with the nonlinear pressure law

P(p, 8) = p’yT(S)7 v 2

O“ICD

where s satisfies the entropy equation. Note that the quantity § = (T(s))% can be interpreted as a potential
temperature, thus the pressure could take the form P = (pf)Y = Z7. The quantity Z also satisfies the
continuity equation. This allowed them to apply the standard technique for the compressible Navier—Stokes
equations to this system.

Because the pressure law depends genuinely on two variables, the treatment of the system (1.1) is more
involved. At first sight, it seems that more regularity on the densities is required to control the cross products,
like p”n and n®p. These extra regularity properties are, so far, out of reach, and the classical techniques
cannot be applied directly on (1.1).

For any smooth solution of system (1.1), the following energy inequality holds for any time 0 <t < T"

d (p+n)|ul? L 9 . 12
— ~ /7 - <
7 [ 5 + Go(n) + 5 1p ] dx / [u|§7u| + (p+ A)|divul ] dz <0, (1.5)
Q Q

where

nlnn—n+1, for a=1,

2 for a>1.

a—17

As usual, we assume that

/ {(Po + 7;0)|Uo|2

1
+ Ga(’no) + ﬁpg} dr < 0o
Q

in the whole paper. Thus, we set the following restriction on the initial data

. 1
inf po 20, infng =0, po€L(Q), Galno)e L (R), (1.6)

and

My My
vV Po + o vV Po + o

The definition of weak solution in the energy space is given in the following sense.

€ L*(Q) where =0 on {z € Q|po(x) + no(z) = 0}. (1.7)

Definition 1.1. We call (p,n,u) : 2 x (0,00) — Ry x Ry x R3 a global weak solution of (1.1)—(1.3) if for any
0<T <+,

p € L>(0,T;L7()), Ga(n) € L*=(0,T;L*(Q)), V/p+nu e L>(0,T; L*(Q)),u € L*(0,T; Hj(2)),
(p,n,u) solves the system (1.1) in D'(Qr), where Qr = Q x (0,T),

(
(/0’ 7(p+ TL) )( ) (pO(x) ( )vMO( ))’ for a.e. x € Q7
« the energy inequality (1.5) holds in D’ (R3 x (0,7)),
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e (1.1); and (1.1)3 hold in D'(R? x (0,T)) provided p,n,u are prolonged to be zero on R3/<,
o the equation (1.1); and (1.1)y are satisfied in the sense of renormalized solutions, i.e.,

Oeb(f) + div(b(f)u) + [V'(f)f — b(f)]divu =0
holds in D'(Qr), for any b € C1(R) such that b'(z) = 0 for all 2z € R large enough, where f = p,n.
The main result of this paper is as follows.

Theorem 1.2. Assume that Q C R? is a bounded domain in R® of class C*TV, v > 0. Let the initial data be
under the conditions (1.6)—(1.7).

o If
9
> 1) > =
« ~ 3
and the initial data additionally satisfies
1
—P0 S 119 S Copo on Q, (18)
Co

where c¢o > 1 is a constant, then there exists a global weak solution (p,m,u) to (1.1)—(1.5).
o Without restriction (1.8), if

3(v+1)

oy
1
5 b

4
b<a<min{Z 41,2 -

. (1.9)

9 3y
— and —,7v-1
a,'y>5 an max{4,’y ,
then there exists a global weak solution (p,n,u) to (1.1)-(1.3).

Remark 1.3. The restriction v > % provides the L?—estimate on the density. This is needed to apply the
renormalized argument of DiPerna—Lions to the system. The condition (1.8) is propagated in time, and
gives that

n < Cp

for almost every time ¢ > 0. This provides extra integrability on n without more assumption on the system
than « > 1. However, without the condition (1.8), the value of & needs to be close enough to the value of ~.
This is required to insure the L?—estimate on n.

The key idea of our proof is to perform a variable reduction in the pressure law. When considering a
family of solutions, we decompose the pressure as

P. = p? +ng = A%d? + B7dY + remainder,

where d. = p. + n.. The idea is that we can control the oscillations of A, = n./d. and B, = p./d..

The structure of this paper is as follows. In Section 2, we develop a new tool to handle the compactness
on the terms A. and B.. In section 3, we solve the approximation system using the Galerkin method. In
section 4, we study the limits as € goes to zero. The focus of this section is to prove that

n®+p7 +8(p+n)f =n*+p +6(p+n)’.
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Here and always, f is the weak limit of f.. One of the key step is to control the product of n& + p? and
Ne + pe, we rewrite them as follows

ng +pl =Adde + Bld] = A%d¢ + BYd] + (A — A%)d¢ + (B! — B")d?,
ne + pe =(Ac + Be)de = (A+ B)d. + (Ac — A+ B, — B)d,,

where de = petne, d = ptn, (Ae, Be) = (3=, ) ifde # 0, (A, B) = (7, 5) ifd #0,and 0 < A, B., A, B < 1,
and (Aede, Bede) = (ne, pe), (Ad, Bd) = (n, p),

we want to show

(p,m) is the limit of (pe, ne) in a suitable weak topology. Here

[(Ag —ANYd® 1 (BY — BN (ne + pe) — 0, and (Ac“d‘: + sz) (Ac— A+ B — B)de — 0

in some sense as € — 0. This can be done because p. and n. are bounded uniformly for € in Lﬂ“(QT) where
B > max{a, 7,4}, and, thanks to the result of Section 2

lir(r)1+//dE\AEfA\sdxdt:0, and hm //d|B B|*dxzdt = 0.
e—
0 Q

In Section 5, we recover the weak solution by letting § goes to zero. The highlight of this section is to show
that

T = 4 7,

which is similar to the limits in term of e. However, a new difficulty occurs because of § = 0. We follow [12] and
use a cut-off function in the renormalization to show the strong convergence of ps and ns. This can be done
using again the variable reduction of Section 2. At this level of approximation, we require v > % such that
ps is bounded in LY*92 (Qr) with v+ 05 > 2 for some 05 satisfying 0 < % and 0> < min {1, 2% — 1}. In order
to guarantee that ng is bounded in L9 (Qr) for some g1 > 2, we require either a € (£,00) N (y — 61,7+ 62)
or a € [1,00) and %po < ng < copo-

2. An error estimate

Our main goal of this section is to prove the following Theorem 2.2. The proof relies on the DiPerna—Lions
theory of the renormalized solutions to the transport equation. This theorem allows us to obtain the weak
stability of solutions to (1.1).

Note that if p and n are solutions to the two first transport equations of (1.1), then (formally) the ratio
p/n verifies

gt( )+ v( ):0. (2.1)

The idea is to get some sort of compactness on this quantity. This is reminiscent to the compactness obtained
by DiPerna and Lions for transport equation in [7]. They showed that if the quantities (div u) are uniformly
bounded in L!(L*°), and initial values of p/n are compact in L
coy

loc

e, then solutions to (2.1) are compact in
). Theorem 2.2 can be seen as an extension of this theorem to possible diffusive versions of (2.1),
where the condition on div u is relaxed (but some control on the whole gradient of u is available in L?(L?)).

We start from the following lemma in this section.
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Lemma 2.1. Let {(gx, hi)}3_, be a sequence with the following properties
(9x,hKk) — (g, h) weakly in LP(Qr) as K — oo, (2.2)

for any given p > 1, g, hx >0, and

T T
lim //aKhK dx dt < //hah dz dt, (2.3)
K—+oco
0 Q 0 Q
where ax = Z_;(( if g #0, ap, = % ifg#0,0<ag,an, <C for some positive constant C independent of K,
and axgx = hx, apg = h, then
T
lim //gK|aK —ap|*drdt = 0. (2.4)
K—+o00
0 Q
In particular,
T
Kl—lg-loo//gKmK —ap|®dzx dt =0, (2.5)
0 Q
for any s > 1.
Proof. Note that
T T T

T
//gK|aK—ah|2dmdt://aKtha;dt—2//hKahdxdt+//gKa,21dmdt,
Q 0 O Q 0 Q

0 0

one obtains

T T T T
lim //gK\aK—ahFdxdtg//hahdmdt—2//hahdxdt+//hahdmdt
K—+4o00
0 Q 0 Q 00 00

0,

where we have used axgx = hi, ang = h, (2.3) and the weak compactness of gx and hx in (2.2). This
deduces (2.4).

By the Holder inequality and (2.4), (2.5) follows for s € (1,2). If s € [2,00), note that (ax — ap) is
bounded in L> (€2 x (0,7")). This allows us to have (2.5). O

The following theorem is our main result of this section.
Theorem 2.2. Let v — 0 as K — 400, and v > 0. If pg > 0 and nxg > 0 are the solutions to

. 0
(pr)e +div(pruk) = vk Apx, pKli=0 = po, VK%laQ =0, (2.6)

and
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871;(
BN |aQ =0, (2.7)

(nk): +div(ngug) = vk Ang, Nili=o = no, Vi

respectively, with Cy > 1 independent of K such that

o MCorsn)llLeeomi2()) < Cos VPEIIVPKlL20,7:L2(0)) < Cos VUK VRKl200,7:L2(0)) < Co-
o Nukllz20,7;m50)) < Co-
e Forany K >0 and anyt > 0:

on

dz, (2.8)

SIS

b2
K
Q Q

where by = px or ng, and dg = px + Nk .
Then, up to a subsequence, we have

nxg —mn, px — p weakly in L=(0,T; L*(Q)),
ug — u weakly in L*(0,T; Hy (),

and for any s > 1,

K—+o00

T
lim //dK|aK—a|sclaL“dt:O7 (2.9)
0 Q

where ag = Z—f{ ifdg 20, a= % ifd#0, and axdix = bi, ad = b. Here (b,d) is the weak limit of (bx,dk).

Remark 2.3. The proof relies on the DiPerna—Lions renormalized argument for transport equation. The L?
bounds of the densities px and nx make it possible to use this theory for equations (2.6).

Remark 2.4. If v > 0, ug is smooth enough and pg is bounded by below, then (2.8) is verified. In fact,

2

choosing ¢(bx, di) = b—}"i, one obtains
Op(bg, d ) 0 0 .
% + le(SDUK) + [%b[{ + ﬁd}( — go]dlvuK
ot & 9%
— Vb |? + - |Vdg|* + 22— Vbg - Vdg) — vgAp = 0.
+VK<ab%<|v K| +ad%(|V K| + 8bK8de K-V K) v Ap
Note that
o dy
P o+ Ly — =
Db K+8dK k—¢=0

and ¢ is convex, thus we have

Q.|Q‘

‘ /(p(bK,dK) dx S 0.
Q

We will rely on the following lemma to show Theorem 2.2.

Lemma 2.5. Let 3 : RY — R be a C* function with |VB(X)| € L=(RY), and R € (L*(0,T; LQ(Q)))N,

u € L?(0,T; HY(Q)) satisfy
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gR +div(u® R) =0, R|i=o = Ro(z) (2.10)
4

in the distribution sense. Then we have
(B(R))¢ + div(B(R)u) + [VB(R) - R — B(R)]divu = 0 (2.11)
in the distribution sense. Moreover, if R € L*°(0,T; LY (Q)) for v > 1, then
R e C([0,T]; L1 (9)),
and so

/B(R) du(t) = /5(Ro)dx—0/Q/[Vﬂ(R)-R—ﬂ(R)]divudxdt.

Q Q

Remark 2.6. If N = 1, it is the result of Feireisl [13].
To prove Lemma 2.5, we shall rely on the following lemma which was called the commutator lemma.
Lemma 2.7. [25]. There exists C > 0 such that for any p € L*>(R?) and u € H'(RY),
110 % div(pu) — div(u(p * 10))l| L1 (gay < Cllullar me ol 2 @e)-
In addition,
e * div(pu) — div(u(p * 1)) — 0 in L*(R?), as o — 0,

where 1, = ﬁn(f), and n(x) > 0 is a smooth even function compactly supported in the space ball of radius
1, and with integral equal to 1.

Proof of Lemma 2.5. Here, we devote the proof of Lemma 2.5. The first two steps are similar to the work
of [12].

Step 1: Proof of (2.11).

Applying the regularizing operator f — f % 7, to both sides of (2.10), we obtain
(Ro): + div(u® R,) = S°, (2.12)
almost everywhere on O C O C (0,T) x Q provided o > 0 small enough, where
S7 =div(u ® R,) — (div(u ® R)),,
and f,(z) = f * ny. Thanks to Lemma 2.7, we conclude that
S7 =0 in L'(O) aso — 0.
Equation (2.12) multiplied by VS(R), where 3 is a C' function, gives us
[6(Ro)]: + div[B(Ro)u] + [VB(Rs) - Ro — B(Ro)|divu = VB(R,) - 57

This yields (2.11) by letting o — 0.
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Step 2: Continuity of R in the strong topology.

By (2.11), we have

%TK(R) +div(Tx (R)u) + (VT (R) - R — Ti(R))divu =0 in ©((0,T) x ), (2.13)

where T (R) is a cutoff function verifying
—~ —~ z
Ti(R) = Te(|R)), and Tie(2) = KT(5),

and T'(z) = z for any z € [0, 1], and it is concave on [0,00), T'(z) = 2 for any z > 3, and T is a C*° function.
We conclude that Tk (R) is bounded in C([0,T]; L2, (€)) due to R € L>(0,T; L*(2)). Thanks to (2.13),

weak
we have

Tk (R) belong to C([0,T7; L] ..(Q)) (2.14)

for any K > 1.
Applying the same argument as in step 1 for (2.13), we have

0

5, T (Rl + div(Tie(R)]ou) = A% ae.on (0,7) x U, (2.15)

where U is a compact subset of . Thanks to Lemma 2.7, A% is bounded in L?(0,T; L'(2)). Meanwhile,
using 2[Tk (R)], to multiply (2.15), we have

%([TK(R)]J)z +div(([Tx (R)]o)*u) + ([Tx (R)])*dive = 2[Tk (R)] A

Thus, for any test function n € D(Q), the family of functions with respect to o for fixed K

t— /([TK(R)]U)Q(t,x)n(m) dx, o > 0 is precompact in C[0,T].

Note that [Tk (R)]s — [Tk (R)] in L*(Q) for any t € [0,T] as o — 0, we obtain

s /([TK(R)])2(t,x)n(x) dz is in C[0,T]

for any fixed n(z). Thus, Tk (R) € C([0,T]; L*()) for any fixed K > 1. It allows us to have
R e (C([0,T); LY ()Y,

thanks to (2.14).

Step 3: Final inequality.

Taking integration on (2.11) with respect to t, we have

/ﬁ da:—/ﬁ dx—//VB B(R)]divu dx dt,
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where 0 < s < t < T. Thanks to
R e (C([0,T]; L' ().

Letting s — 0, thus we have

Q/,B(R(t))dx = Q/B(Ro)dx—O/Q/[Vﬁ(R)-R—ﬁ(R)]divudxdt

forany 0<t<T. 0O
With above lemmas in hand, we are ready to show Theorem 2.2.
Proof of Theorem 2.2. Up to a subsequence,
pr — p, Nk — n weakly in L°°(0,T; L*(Q)), wux — u weakly in L*(0,T; H}()),
as K — oo. Passing to the limit as K — oo in (2.6) and (2.7) respectively, we have
pt +div(pu) =0,  pli=0 = po,
and
ny + div(nu) =0,  nli=g = no.
Using Lemma 2.5 with R = (b,d) and v = u, 8,(b,d) = dzjr—QU, note that

b2

VBJ(R) "R — ﬂa(R) = Umv

one obtains

t
b(t,x)? b2
OB g — de —
/d(t Y+o “ do+o v U/
Q Q 0

for almost everywhere ¢ € [0, T7.
Note that

b2
/ mleu dx dt7
Q

2 2 2 2
b <b— and b b—O,
d+o ~— d do+0o ~ dy

by the dominated convergence theorem, we obtain the following equality by letting o goes to zero,

b(t,z)> [ b§
/ dte) =) ™
Q

for almost everywhere ¢ € [0, T7.

(2.16)

(2.17)
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By (2.8) and (2.17), we find
b (t,x)? / /b(t,x /
—d b dz = [ bad 2.18
dic(tm) ) (t, ) o (24%)
Q Q Q

for almost everywhere ¢ € [0, T7.
Thanks to (2.16), setting (bx,dx) = (hi,gx) for Lemma 2.1, one obtains (2.9) for any s > 1. O

3. Faedo—Galerkin approach

In this section, we construct a global weak solution (p,n,u) to the following approximation (3.1)—(3.3)
with a finite energy. Motivated by the work of [12], we propose the following approximation system

ng + div(nu) = eAn,
pt + div(pu) = eAp,

[(p+n)ul, +div[(p+n)u@u] +V(n® 4 p7) + 6V (p+n)’ +eVu-V(p+n) &y
= pAu + (p+ \)Vdivu
on Q x (0,00), with initial and boundary condition
(p, n, (p+ n)u) li=o = (po.5, 10,6, Mo,5) on €, (3.2)
(2.9 w)jan =0, 3.)

where €,0 > 0, 8 > max{a,v}, Mos = (po.s + no.6)uo,s and no s, po.s € C3(Q), ugs € C3(Q) satisfying

o P P
0<6<pos,nos <6 28, (Fp22, Ll)|sg =0,

gig(l) (Ilpo,s — poll~) + lIno,s — nollLe(a)) =0,

_ ©s M,
tos = po,5+n0, 5118 % (\/po+no)’

VP05 F nostos — \/m in L2(Q2) as § — 0,

mo,s — My in Ll(Q) as 6 — 0,

(3.4)

%Po,a <ng,s < copo,s  if %Po < ng < copo,
where § € (0,1), 7 is the standard mollifier, o5 € C§°(€2), 0 < @5 < 1 on Q and 5 = 1 on {z €
Q|dist(z, Q) > 6},

We are able to use Faedo—Galerkin approach to construct a global weak solution to (3.1), (3.2) and (3.3).
To begin with, we consider a sequence of finite dimensional spaces

X, = [span{wj};?:l]‘g, ke{l1,2,3, -},

where {1;}5°, is the set of the eigenfunctions of the Laplacian:

—At; = APy on (),

Yilao = 0.
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For any given €, > 0, we shall look for the approximate solution uy € C([0,T]; Xx) (for any fixed T > 0)
given by the following form:

/(pk+nk)uk(> 1/1d9€—/m06 wdx—// [ + (1 + \) Vv - do ds

t (3.5)
// d1v Pk + ng)ug ® uk] +V(ng +pl)+0V(pr + nk)ﬁ + eVug - V(pr + nk)} < dxds
0
for t € [0,7] and ¢ € X}, where pr = pi(uy) and ng = ng(ug) satisfying
Ong + div(ngug) = eAng,
thk + dlv(pkuk) = EApk,
(3.6)

nk|t:0 = 10,5, pk|t:0 = P0,55

(% G )lon = 0.

Due to Lemmas 2.1 and 2.2 in [12], the problem (3.5) can be solved on a short time interval [0, T}] for
T, < T by a standard fixed point theorem on the Banach space C([0,Tx]; Xx). To show that T}, = T', we
need the uniform estimates resulting from the following energy equality

d [1(pr+ 2 1 )
a Mwa(nmrpwﬁ

5
a | | 5 1 1 (ox+ 1) ]dm

+

1l + (i + A)|divuk|2} dz (3.7)

+

cani =2 (Vi f? + evp] IV pul? + €80(pr + ni) P2V (pr + mi)|2] dar = 0, on (0, Ty),

where
nglnng —ng +1, for a=1,

for a>1.

a—1"

This could be done by differentiating (3.5) with respect to time, taking 1 = ux(t) and using (3.6). We refer
the readers to [12] for more details. Thus, we obtain a solution (pg, ng, ux) to (3.5)—(3.6) globally in time ¢.

The next step is to pass the limit of (pg, ng, ug) as k — oco. Following the same arguments of Section 2.3
of [12], energy equality (3.7) gives us the following bounds

1
0< . < pi(x,t),nk(x,t) < ¢ for a.e.(x,t) € Q x (0,7), (3.8)
k
D 198(t) [y < Cloo, 0, Mo), (3.9)
te[0,T
sup |[ng(t)[|7a ) < C(po,no, Mo) for a > 1, (3.10)
t€[0,T]
5 sup o)+ k()2 ) < Cloos0, Mo), (3.11)

t€[0,T]
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S%PT IVpk + 1 (B (8) |72y < C(pos no, Mo), (3.12)
te
[ 10k(0) 1)t < €, M), (3.13)
T
/ IVos ()1 72(0) + IV (8)172(0)) dE < C (8,6, po, 10, M), (3.14)
0
and
||pk +nk||LB+1(QT) S C(€,B,5, pOaHOaMO)’ (315)

where Qr = Q x (0,T) and 8 > 4.
We are able to control ny by p if some additional initial data is given in (3.16).

Lemma 3.1. If (pg, nk, ug) is a solution to (3.5) and (3.6) with the initial data satisfying

1
apo < ng < copo (3.16)

on (), then the following inequality holds
1

for a.e. (x,t) € Qr.

Proof. It is easy to check that n; — copi is a solution of the following parabolic equation

(nk — COpk)t =+ div[(nk — copk)uk] = eA(nk — Copk),
(nk — copr)|t=0 = 10,6 — copo.s,

V(ng — copr) - v]aq = 0.

The right inequality of (3.17) can be obtained by applying the maximum principle on it. Similarly, we obtain
the left inequality of (3.17). O

If the initial data satisfies (3.16) and with (3.9), (3.10), and (3.17), we have

sup (||Pk(t)||(iil(g) + ||nk(t)||%i1(g)) < C(po, 0, Mo), (3.18)
t€[0,T]

where oy = max{a,v}.

Relying on the above uniform estimates, i.e., (3.9)—(3.17) and (3.18), and the Aubin-Lions lemma, we
are able to recover the global solution to the approximation system (3.1)—(3.3) by passing to the limit for
(pr, Nk, ug) as k — co. We have the following Proposition on the weak solutions of the approximation (3.1),
(3.2) and (3.3).
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Proposition 3.2. Suppose § > max{4,«,~v}. For any given €,6 > 0, there exists a global weak solution
(p,n,u) to (3.1), (3.2) and (3.3) such that for any given T > 0, the following estimates

sup ||p(t)||27(9) < C(po,no, My), (3.19)
t€[0,T]
sup ||n(t)[|ze o) < C(po, 0, Mo), (3.20)
t€[0,T]
§ sup [[(p(t);n(0)l|75 gy < Clposno, Mo), (3.21)
te(0,T
. Ve n(t)u(t)|20y < Clpo,n0, M), (3.22)
telo,
T
J 1Ol dt < Clon. o M), (3.23)
0
T
6/ 1(Vo(t), V()72 () dt < C(8,6, po, no, Mo), (3.24)
0
and
(o), nE)Le+1(r) < Cle, B, 0, po, 10, Mo) (3.25)
hold, where the norm ||(-,-)|| denotes || - ||+ | ||, and p,n >0 a.e. on Q.

In addition, if the initial data satisfy %po < ng < copy on 2, then

%p <n<cop ae. onQx(0,T),

a (3.26)
sup_|[(p,n)(1)|[54, ) < Clpo, n0, Mo),
t€[0,T)

where oy = max{a,~}. Finally, there exists r > 1 such that p;,ng, V?p,V?n € L™ (Qr) and the equations
(3.1)1 and (3.1)y are satisfied a.e. on Qr.

Remark 3.3. The solution (p,n,u) stated in Proposition 3.2 actually depends on € and §. We omit the
dependence in the solution itself for brevity.

4. The vanishing viscosity limit e — 07T

The goal of this section is to pass to the limit of (pe, ne, ue) as € goes to zero. To vanish e, the uniform
estimates are needed. Compared to the work of [12], the pressure law involves two variables, which bring
new difficulty-possible oscillation of p¥ +n®. The uniform estimates resulting from the energy inequality in
Proposition 3.2 and Lemma 4.1 are not enough to handle the weak limit of such a pressure. In Section 4.1,
we pass to the limits for the weak solution constructed in Proposition 3.2 as € goes to zero by standard
compactness argument. In Section 4.2, we will focus on the weak limit of the pressure and the strong
convergence of p. and n.. This section 4.2 is where we are using the new compactness Theorem 2.2. In this
section, let C denote a generic positive constant depending on the initial data and § but independent of e.
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4.1. Passing to the limit as ¢ — 0%

The uniform estimates resulting from (3.19), (3.20), (3.21), and (3.26) are not enough to obtain the
convergence of the pressure term p? + n&. Thus we need to obtain higher integrability estimates of the
pressure term uniformly for e.

First, following the same argument in [12], we are able to get the following estimate in Lemma 4.1.

Lemma 4.1. Let (p,n,u) be the solution stated in Proposition 3.2, then
T
//(no‘+1 + p 7T 4 5P Lot Y dadt < C
0 Q

for > 4.

In this step, we fix § > 0 and shall let ¢ — 0*. Then the solution (p,n,u) constructed in Proposition 3.2
is naturally dressed in the subscript “€”, i.e., (pe, ne, te).
With (3.19)-(3.24), and Lemma 4.1, letting € — 0T (take the subsequence if necessary), we have

(pesne) — (p,n) in C([0,T); L2, (Q)) and weakly in LA (Qr) as e — 0,
(eApe, eAn,) — 0 weakly in L?(0,T; H=(Q)) as e — 0T,

ue — u weakly in L2(0,T; H}(Q)) as e — 0T,

(pe +n)ue = (p+n)u in C0,T): L1,y A C([0,T]; H-Y(Q) as € — 0%,

(petie, neue) — (pu,nu) in D'(Qr) as e — 07,

(pe + ne)ue @ue = (p+n)u@u in D'(Qr) as e — 0T,

B+1
B

n® 4 p? + 0(pe +ne)? — n 4 pY +0(p +n)P weakly in L7 (Qr) as e — 0,

Ve - V(pe +ne) — 0in LY (Qr) as e — 0T,

and p,n > 0.
By virtue of (3.26) and (4.1)q, if %po < ng < copo, we have

1 1
—pe(z,t) < ne(z,t) < copex,t) and —p(x,t) < n(x,t) < cop(z,t) for a.e. (z,t) € Qr.
Co €o

With (4.1); and (4.1)4, we get

(p,n, (p+ n)u)|i=0 = (po,5: n0,5, Mo,s).-

In summary, the limit (p,n,u) solves the following system in the sense of distribution on Qr for any
T > 0:
ne + div(nu) = 0,
pt + div(pu) =0, (4.2)
[(p+n)u], +div[(p+n)u@u] +V(n* + p7 +6(p+n)’) = pAu+ (u+ A)Vdivu
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with initial and boundary condition

(p,n, (p+ n)u) =0 = (po,s,n0,5. Mo,s), (4.3)
u‘ag = 0, (4.4)

where f(t,x) denotes the weak limit of f.(¢,z) as e — 0.
To this end, we have to show that n® + p¥ +d(p+n)? = n® + p? + 6(p + n)?, which is a nonlinear
two-variable function in term of p and n. It seems that the argument in [12] fails here due to the difficulty

resulting from the new variable n. New ideas are necessary to handle this weak limit. We are going to focus
on this issue next subsection.

4.2. The weak limit of pressure
The main task of this subsection is to handle the possible oscillation for the pressure n% + pY +3(p. +n.)”.
To achieve this goal, we have to show the strong convergence of p. and n.. It allows us to have the following

Proposition on the weak limit of pressure.

Proposition 4.2.

n® +p7 +6(p+n)f =n®+p? +8(p+n)”
a.e. on Qr.

To prove this proposition, we shall rely on the following lemmas. The first one is on the effective viscous
flux associated with pressure involving two variables. In particular, let

H, :=n% + p) + 8(pe +ne)® — (2p + N)divu,,
H:=n*+pY+6(p+n)? — (2u+ Ndivu,

then we will have the following lemma. The proof is very similar to the work of [12].

Lemma 4.3. Let (pe,ne,u.) be the solution stated in Lemma 3.2, and (p,n,u) be the limit in the sense of
(4.1), then

T T

lim /¢H6 Pe +ne)dadt = /w/q’)H p+n)dxdt, (4.5)
Q

e—0t
0 0

for any ¢ € C§°(0,T) and ¢ € C§°(Q).
The key idea of proving Proposition 4.2 is to rewrite the terms related pressure as follows

ne 4+ pl =A% + BYd) = A% + BVd) + (A® — A%)d® + (BY — B")d],
ne + pe =(Ac + Be)de = (A+ B)de + (Ac — A+ B. — B)d.,

where de = pe +ne, d=p+n, (A, Be) = (7=, ) if de 70, (A, B) = (4,5) if d #0,0< A, B., A, B <1,
and (Acde, Bede) = (ne, pe), (Ad, Bd) = (n, p), (p,n) is the limit of (p.,n.) in a suitable weak topology. We
are able to apply the ideas in [12] to handle the product A*d® + BYd} and (A + B)d,, because A and B
are bounded in L*°(0,T; L*°(£2)) and they are viewed as the coefficients. The difficult part is to show that
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the remainder tends to zero as € goes to zero. Theorem 2.2 allows us to show the terms [(Af‘ — A%)d> +

(BY — B'V)dz} (ne + pe) and (Aad? + B”d’g) (Ac — A+ B. — B)d, approach to zero as € goes to zero.
We divide the proof of Proposition 4.2 into several steps as follows:

Step 1: Control p. and n. in Llog L.

The current step of our proof is to control p. and n in the space of Llog L. This helps us to obtain the
strong convergence of p. and n.. We give our control in the following lemma.

Lemma 4.4. Let (pc,ne) be the solution stated in Proposition 3.2, and (p,n) be the limit in the sense of

(4.1), then

/ [pelog pe — plog p + nlog ne — nlogn](t) dx

Q
¢ ¢
g//(ern)divud:cdsf//(p€+ne)divuE dx ds
0 Q 0 Q

for a.e. t € (0,T).
Proof. Since n. and p, solve (3.1); and (3.1)3 a.e. on Qr, respectively, we have

[Bj(fe)]t + div(ﬂj(ff)“ﬁ) + [6;<fe)fe - ﬁj(fE)]divue = eAﬁj(fe) - 65;/(f6)|vf6|2 on QTa (4‘7)

where f. = pe,ne, and B; € C?[0,00).
Taking 5;(z) = (z + %) log(z + %) in (4.7), and integrating it over Q x (0,¢t) for ¢ € [0, 7], we have

¢
1 1 1 1
[+ st Dierdat [ [ 1= Stouh+ D]divu dads
Q 0 Q (4.8)
1 1
< [ (o + 3)log(oc + 5) da,
Q
where we have used the convexity of 8; and the boundary condition (3.3). Letting j — oo in (4.8), one

obtains

t

/(f6 log fo)(t) dx + //fedivu6 dx ds < /foﬁ log fo,5 dz, (4.9)
Q Q

Q 0

where f. = pe,n. and fO,é = P0,5,70,5-

Since the limit (n,u) and (p,u) solve (4.2); and (4.2)5 in the sense of renormalized solutions, we can take
B(z) = zlog z in accordance with Remark 1.1 in [12] or by approximating the function zlog z by a sequence
of such the 3(z) stated in Lemma 2.5 and then passing to the limit. This allows us to have

t

/(flog D) dx +//fdivu drds = /fo#; log fo,5 dz, (4.10)
Q Q

Q 0

where f = p,n and fos = po,s, no,s. Thanks to (4.9) and (4.10), (4.6) follows.
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Step 2: Control the right hand side of (4.6)

It is crucial to control the right hand side of (4.6). Thanks to Theorem 2.2, we show the following lemma
which can help us to finish this step.

Lemma 4.5. Let (pe,ne) be the solution stated in Proposition 3.2, and (p,n) be the limit in the sense of
(4.1), then

t
/wﬂ/q/) p+n na+p7dxds<0/¢g¢ p+n)(n®+ p)dzds

for any t € [0,T] and any 1 € C[0,t], ¢ € C(Q) where 1, ¢ > 0.
Proof. Note that

ne +pl =AZdS + Bld] = A%dS + BVd] + (AL — A%)d¢ + (B! = B7)d/,
ne + pe =(4Ac + Be)de = (A+ B)d. + (Ac — A+ B, — B)d,,

where de = pe +n., d=p+n, (A, Be) = (
and (A€d€7BEd€) = (n€7p€)7 (Ad, Bd) ( )
For any 1 € C([0,1]), ¢ € C(Q) where v,

o) ifde #0, (A, B) = (7,5 ifd#0,0< A, B, A, B <1,
p), (p,n) is the limit of (pe, n.) in a suitable weak topology.
¢ > 0, we have

t

/¢/¢(n§‘ + 1) (pe + ne) dz ds

0 Q

=/w/¢(A“d‘: + B7d})(A + B)d. dx ds

+ /w/qﬁ(Aad? + BYd})(A. — A+ B. — B)d. dx ds (4.11)
Q
t
+ [ ¢ | ¢|(AY — A%)dZ 4+ (BY — B")d) | (ne + pe) dz ds
! J

3
For I, there exists a positive integer kg large enough such that

max{ k’m koo <8 (4.12)
1

due to the assumption that max{a,~v} < S.
Using the Holder inequality, Lemma 4.1 and (4.12), we have

= ko=1
ko T ko

|[[15| <C //d6|AE — Al*o dg dt //dE\AadS‘ +dez‘k§91 dx dt
0
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T t6 /T TR
+C //d6|B€ — BJ* dz dt //d6|Ao‘d‘j + B R da dt (4.13)
0 Q
1 1
T ko T ko
//d€|AE —Alfodgdt | +C //d€|B€ — Bk dz dt
0 Q 0 Q

Choosing v = € for Theorem 2.2, we conclude that

T
//dE\Ae—A\kdedt -0,
0 Q

n (4.14)
T ko
//de\Be —Blfodgdt| =0
00
as € goes to zero. In fact, d. € L>=(0,T; LA (2)) for B > 4, and u, € L?(0,T; H}(Q)), and
VelVpellrzo,102 @) < Co, VellVnel 20,20y < Co,
and for any € > 0 and any ¢ > 0:
2 e [0
_e -9 4.15
a. a0 (4.15)

where d. = pc+ne, be = pe, N, and (4.15) is obtained in Remark 2.4. Thus, we are able to apply Theorem 2.2
to deduce (4.14). Hence we have Ils — 0 as € — 0.
For II5, there exists a positive integer k; large enough such that

’“1 —1 (4.16)

due to the assumption a < 8. We employ the Hélder inequality to have
T
[I;] <C // JHTE RS gy //d€|A§—Aa|k1 da dt
0 Q
k-1
T
e //d(wl BB gy gy
0

k1
T T
<C //d|Aa “dedt| +C //dE|B§fBW|k1da:dt 0
0 0 Q

as € — 0T, where we have used (3.26), (4.16), Lemma 4.1, and the fact that

B
Zl

=

|
-

T
//de|Bz—B”]k1 da dt (4.17)
0 Q

x
I
2
A1
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T T
//dE{AS—A“|k1 dz dt go/ﬁ//de(max{Ae,A})“ﬂAe—A|’“ dz dt
0 Q 0 Q

T
gC//dE|A€—A|k1 dzdt — 0,
0 Q

(4.18)
T T
//d€|Bz — BY|" dadt <yM //de(max{BE,B})7_1|B€ —B"dedt
0 Q 0 Q
T
gC//dE|B€ — B|" dzdt » 0
0 Q
as € — 07, due to Theorem 2.2 with vx = €.
By virtue of (4.11), (4.13) and (4.17), one deduces that
t t
im, /¢/¢(n3 + p2)(pe + ne) dr ds :/¢/¢(A + B)(A%do+! + BYd +1) dx ds
0 Q 0 Q
t
> /w / #(A + B)(A*d*d + B d"d) dx ds (4.19)

Q

¢ d(A%de + BYdY) dx ds

Ot
O/w

where we have used A + B = 1, d*+1 > dod, and d"*+! > d7d, because the functions z + z%(or 27) and
z +— z are increasing functions.
On the other hand,

D—

t

/¢/¢(p + n)RE T o7 da ds

0 Q

¢
lim [ ¢ [ ¢(p+n)(nd +p))dxds
[/

e—0t
t t
— lim / ” / $d(A%d* + BYdY) dzds + lim / " / $dd®(A® — A) da ds (4.20)
e—0t e—0t
0 Q 0 Q

t
+ lim /zp/asddg(Bg — B")dzds
e—0t
0 Q
t

_ / ” Q/ $d(AT + Bd) dx ds,

0

thanks to
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t
lim /w/gbdd?(A? — A% drds -0, and lim / /¢dd7 — BY)dzds — 0,
Q

e—0t e—0t

as € — 0.
By (4.19) and (4.20), we complete the proof of the lemma. 0O

Since 1 and ¢ are arbitrary, we immediately get

Corollary 4.6. Let (pc,nc) be the solution stated in Proposition 3.2, and (p,n) be the limit in the sense of
(4.1), then

(p+n)n®+p7 < (p+n)(n™ + p7) (4.21)
a.e. on Q x (0,7T).
Now we are ready to control the right hand side of (4.6) in the following lemma.

Lemma 4.7. Let (pe,ne) be the solution stated in Lemma 3.2, and (p,n) be the limit in the sense of (4.1),
then

t
// p+ n)divudzds < hm // Pe + ne)divu, dx ds (4.22)
0 Q
for a.e. t € (0,T).
Proof. For ¢; € C§°(0,1), ¢; € C5°(2) given by
1
Y; € C3°(0,T), ,(t)=1foranyte [ T— 3] 0<v; <1, ¢ =1, (4.23)
as j — oo, and
1
¢; € C°(Q), ¢;(x) =1 for any x € {z € Q|dist(x,09) > —}, 0< ¢; <1, ¢; — 1, (4.24)
J

as j — oo, respectively, then

/ /(p + n)divu dz ds

0/1/5/¢j(p+n)divud:cd8+0/J(l—wj(ﬁj)(p%-n)divudxds

~

(=)

(4.25)

t t
1 - 1 _—
_ s = s B
s [ 0 [ @it +mdxds+2M+A/w;/¢;<p+n>6<p+n> da ds
0 Q

t t
1
_2M+>\/¢j/¢j(p+n)dedS+// 1_¢]¢] p—i—n)dlvudazds
0 Q 0 Q
—RHS, + RHS, + RHS3 + RHS},
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where we have used

(2u + A)dive = n® 4+ pY +6(p +n)? — H,

and

n® +p7 +6(p+n)’ =n*+p7 +d(p+n).

For RH S5, we have

t
1 .
RHS, TS /¢j/¢j(p+n)5(p+n)5 dz ds
o @ (4.26)
§2u Y hégénf/wj /qu (pe + 1¢)(pe + ne)? da ds,
because z — z and z — 2” are increasing functions.
By virtue of (4.25), (4.21), (4.26), and (4.5), we have
t
//(p + n)divu dx ds
0 Q
t
< li , (n® 4 Y
_Qﬂﬂégg)g/w]/@(ne £ 90)pe + ) dads
+ gy it / v / 83(pe +n)8(pe + o) da ds
(4.27)

t
2,u—|—)\ 0+/w3/¢J (pe +ne)He dmds—l—// 1 —1;¢;)(p+ n)divude ds
e—
0

e—0t

< lim //(p6 + ne)divu, deds + 1ir(r)1+//(wj¢j — 1)(pe + ne)divue dz ds
e—
Q 0 Q

t
"‘0/!(1 —¥;0;)(p + n)divu dz ds.

Letting j — oo in (4.27), we complete the proof of the lemma. 0O
Step 3: Strong convergence of p. and n.

The main task is to show the strong convergence of p. and n.. This yields Proposition 4.2. In particular,
with (4.22), letting € — 01 in (4.6), we deduce that

/ [plogp — plog p + nlogn — nlogn](t) dz < 0.
Q
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Thanks to the convexity of z — zlog 2z, we have
plogp > plogp and nlogn > nlogn

a.e. on Q. This turns out that
/ [plogp —plogp+nlogn — nlogn} (t)dx = 0.
Q

Hence we get
plogp=plogp and nlogn =nlogn

a.e. on Qr, which combined with Lemma 4.1 implies strong convergence of pe,n. in L?(Qr). Thus we
complete the proof.

With Proposition 4.2, we recover a global weak solution to the system (4.2), (4.3) and (4.4) with
n® + p7 + §(p + n)P replaced by n® + pY + §(p +n)?.

Proposition 4.8. Suppose 8 > max{4,a,v}. For any given 6 > 0, there exists a global weak solution
(ps,ns,us) to the following system over Q x (0,00):

ny + div(nu) = 0,
pt + div(pu) =0, (4.28)
[(p+ n)uh +div[(p+n)u®@u] + V(n*+ p7 +6(p+ n)?) = pAu+ (u+ A)Vdivy,

with initial and boundary condition

(P, n, (p+ n)u) lt=0 = (po,é, 10,5, Mo,&) on ﬁa (4.29)
uloo =0 fort >0, (4.30)

such that for any given T > 0, the following estimates

sup ||ps(t)[I7 ) < Clpo,m0, Mo), (4.31)
t€[0,T]
sup [|ns()[|70(0) < C(po,no, Mo), (4.32)
te[0,T]
5 sup |[(ps(t), 575y < Clpo,mo, Mo), (4.33)
te[0,T] ()
S[up ] 1Vps + ns(t)us(t) 720y < Cpo, 10, Mo), (4.34)
tefo, T
T
J 150 Byt < oo, 1), (4.35)
0

and

1(ps(£), ns (D))l Lo+1(@r) < C(B, 6, po, 10, Mo) (4.36)
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hold, where the norm ||(-,-)|| denotes || - ||+ || - ||. Besides, if %Po < ng < copo, we have

%pg(m,t) < ns(z,t) < cops(x,t) fora.e. (z,t) € Qr,

N (4.37)
sup |(ps,ms)(8)1 34, (o) < Clpo, mo, Mo),
te[0,T]

where c; = max{ca,v}.

5. Passing to the limit in the artificial pressure term as § — 0%

In this section, we shall recover the weak solution to (1.1)—(1.3) by passing to the limit of (ps,ns, us)
as § — 0. Note that the estimate (4.36) depends on §. Thus to begin with, we have to get the higher
integrability estimates of the pressure term uniformly for §. The new compactness Theorem 2.2 is crucial
for the proof of section 5.2.

Let C be a generic constant independent of § which will be used throughout this section.

5.1. Passing to the limit as § — 0%

We can follow the similar argument as in [12] to have the higher integrability estimates of p and n in the
following lemma. We only need to modify the proof a little bit on n.

Lemma 5.1. Let (ps, ns,us) be the solution stated in Proposition 4.8, then

T
//m?%+@”uwﬁ”um£”ﬂMﬁ§0@ﬂg (5.1)
0 Q

for any positive constants 601 and 02 satisfying

01 < ¢ and 6y < min{l,2* —1}; 6, < I and 6, < min{1, %’Y —1} if o,y € (3, 00),

6 < M and 6 < min{1, M —1} ify € (3,00), a€[l,00), and ;-py < ng < copo,
where 0 = 01 = 05.
In view of (5.1) and (4.37), we have the following corollary.

Corollary 5.2. Let (ps,ns,us) be the solution stated in Proposition 4.8, if %po < ng < copo, then

T
//pgnax{a+9177+92} + ngnax{oc-i-@h"/""‘g?} dzdt <C. (52)
0 Q

With (4.31), (4.32), (4.34), (4.35), (4.37), (5.1), and (5.2), letting § — 0T (take the subsequence if
necessary), we have
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3 1 .
Case 1. a,v € (£,00), and max{?%,'y -1, ('YTJF)} <a< mln{%”,'y +1, ‘%’ —1}.

ps — pin C([0,T); LY () and weakly in LY*%(Qr) as § — 07,

weak

ns — n in C([0,T]; L2, ,.(R)) and weakly in L% (Q7) as § — 0F,

us — u weakly in L?(0,T; H3(Q2)) as § — 0T,
2 min{y,a}

weak

(psus,nsus) — (pu,nu) in D'(Qr) as § — 0T,

(ps +ns)us @ us — (p+n)u®@u in D'(Qr) as § — 07,

Y+02 at6y }
a 7y

ng + pl — n®+ p7 weakly in Lmind (Qr) as 6 — 0T,

§(ps +ns)? — 0in LY (Qr) as 6 — 0F.

Case 2. a € [1,0), v € (%,oo), and %po < mng < copo-

weak

us — u weakly in L?(0,T; H}(2)) as § — 0T,

2 max{~vy,a}

(ps +ns)us — (p+n)uin C([0,T); L2231y N C([0,T); H-H(Q)) as § — 07,
(psus,nsus) — (pu,nu) in D'(Qr) as § — 0T,

(ps +ns5)us @ us — (p+n)u®@u in D'(Qr) as § — 0T,

ng + pl — nF T p7 weakly in L™EH 5 Q) as 6 — 07,

§(ps +ns)? — 0in LY (Qr) as § — 07,

1
apg(fﬂ,t) <ng(z,t) < cops(x, ), for a.e., (z,t) € Qr,

1
ap(mut) S n(xvt) S C()p(mvt)v for a.e., (xvt) € QT'

(ps +ns)us — (p+n)u in C([0,T); LIy C([0,T); H-H(Q)) as § — 0T,

(ps,ms) — (p,n) in C([0,T]; L™ (Q)) and weakly in Lmox{e+019+02}(Qr) as § — 07,

(5.3)

In summary, the limit (p,n, u) solves the following system in the sense of distribution over €2 x [0, 7] for

any given 7' > 0:

ny + div(nu) = 0,
pe +div(pu) =0,
[(p+n)u], +div[(p+n)u®@u| +V(p7 +n%) = pAu+ (u+ \)Vdivu,

with initial and boundary condition

(P, n, (p + n)u)|t:0 = (PO, no, MO) on ﬁ?

ulpo =0 fort >0,

where the convergence of the approximate initial data in (4.29) is due to (3.4).

(5.5)
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To recover a weak solution to (1.1)—(1.3), we only need to show the following claim:
e Claim. p7 +n® = p¥ + n°.
5.2. The weak limit of pressure

The objective of this subsection is to show the strong convergence of ps and ns as § goes to zero. This
allows us to prove p7 +n® = p? +n* as § — 0. From now, we need that ps is bounded in L?(Qr) for some
q > 2. By Lemma 5.1, we need the restriction vy > %

We consider a family of cut-off functions introduced in [12] and references therein, i.e.,

Ti(z) = kT(%), 2eR, k=1,2,---
where T' € C*°(R) satisfying
T(z) =z for z<1, T(z)=2 for z>3. T is concave.
The cut-off functions will be used in particular to handle the cross terms due to the two-variable pressure,

see the proof of Lemma 5.5. Since ps € L?(Q7),us € L*(0,T; H}(2)), Lemma 2.5 suggests that (ps, us) is
a renormalized solution of (5.5)2. Thus we have

[T (ps)]e + div[Ti(ps)us] + [Tx(ps)ps — Tk(ps)ldivus = 0 in D'(Qr). (5.8)

For any given k, Ty (ps) is bounded in L*°(Qr). Passing to the limit as § — 0% (taking the subsequence
if necessary), we have

Tk (ps) — Tr(p) weak™ in L=(Qr),
Ti(ps) = Tr(p) in C([0,T}; LY, 1, (€2)), for any p € [1, 00),

Ty (ps) = Ti(p) in C([0,T]; H~'(52)),
[Ty (ps)ps — Tr(ps)ldivus — [T} (p)p — Ti(p)ldivu weakly in L*(Qr).

This yields

[Tk (p))e + div[Tx(p)u] + [T} (p)p — T (p)]divu = 0 in D'(R? x (0,T)). (5.9)
Similarly, we have
[Th(ns)]e + div[T(ns)us] + [Th(ns)ns — Ti(ns)ldivus = 0 in D'(Qr), (5.10)
and
[T (n)]: + div[Tx (n)u] + [T}(n)n — Tr(n)]dive = 0 in D'(R® x (0,T)). (5.11)
Denote

Iﬁ =p] +n§ — (2u+ N)divus,

H :=p7 +n%— (2u + M)divu.

We will have the following Lemma on Hs and H.
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Lemma 5.3. Let (ps,ns, us) be the solution stated in Proposition 4.8 and (p,n,u) be the limit, then

T T

Jim [ / GH [Tu(ps) + Tulns)] dodt = [ [ 6H [Filp) + T o d, (5.12)
Q

0 0
for any ¢ € C§°(0,T) and ¢ € C§°(Q).
Proof. The proof is similar to the work of [12]. O

Now let us focus on the following Proposition.

341

Proposition 5.4. For any o,y > £ and max{ %Y T — 1, } < a < min{% =7+ 1, % — 1}, then

n® 4+ p¥ =n* + p”’ (5.13)

a.e. on Qr. In addition, if the initial data satisfy

1
—po < no < Copo,
co

then for a > 1, v > 2, (5.13) holds.
There are two steps to prove it.
Step 1: Study for the weak limit of p] + n§

Relying on Theorem 2.2 with vg = 0, we are able to show the following lemma. It is crucial to obtain
Proposition 5.4.

Lemma 5.5. Let (ps,ns) be the solutions constructed in Proposition 4.8, and (p,n) be the limit, then

t

U [ &|Ti(p) + Ti(n) | (p7 Fn%) dzds < [ o | ¢[Ti(p) + Ti(n)] (p7 + n®) dx ds, (5.14)
O/Q/[kark}p%» O/Q/ k(p) + 1k P+

for any t € [0,T] and any + € C[0,t], ¢ € C(Q) where 1, >0, a,y > % and

1
%}<a<min{ ,fy+1—71}

3y
2y
max{—~,7~ 1,
In additional, if initial data satisfies
1
—po < Ny < Copos
co

then for o> 1, v > 2, (5.14) holds.
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Proof. t
51351 /w/gb[Tk.(pg) + Ti(ns)] (pf + ng) dz ds
0

Q

= / /qﬁTk 05) p(S dxr ds + hm / /QSTk ps)ng dx ds

(5.15)
t
+ hm / /(Z)Tk ns)py dzds + hm / /¢Tk ng)ng dx ds
0
:Zm.
i=1
For IV;, since z — Ty(z) and z — 27 are increasing functions, we have
t
. _ ’y _ fy
o< tim [ [ 6[T(os) - Tup)] [} - 7] deds
0 Q
t t t
~[v [t avas— [v [T dvds— [v [ ot dvas
0 Q 0 Q 0 Q
t
+/ /¢Tk )p” dx ds
t (5.16)

:/ /quk p“deds—/i,/JQ/qu(p)p_deds

0 0

+/¢/¢[Tk( ) = Ti(p)] (p7 — p7) dz ds
soj [ T mdxds—o/tw!qsmp—mm

where we have used the fact p¥ > p7 and T (p) < Tk(p), which could be done by the convexity of z +— 27
and the concavity of z — Tj(z).
Thanks to (5.16), we have

quk Vp7 dxds < p)pY dxds = hm qSTk ps)ps dx ds = TV. 5.17
p)p )

0 Q

Similar to (5.17), we have

t t

/w/qﬁTk(n)n_“dajds < 61_i>%1+/1/)/¢)Tk(n5)n§‘ dxds = IVy. (5.18)

0 Q 0 Q

For IV,, we need to discuss the sizes of a and +y in order to guarantee the boundedness of p§ and nj in
LY(Qr) for some g > 1.
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1 3(’y+1

Case 1. a’y>5andmax{4,fy }<a<m1n{3,fy—|—1 — 1}
2a

In this case, there exist two posmve constants 01 € (v — a, mm{g‘,l, 2 —1}) and 62 € (a — 7,

min{7,1, 2 — 1}), since max{2,y — 1, A’;l)} <a<min{%,v+1,% — 1} implies that

2c 2y

7—a<min{%,1,? —1}, and a—7<min{%,1,?—1}.

Note that we are able to take 6, and 65 here the same as those in Lemma 5.1. Then there exists a positive
integer ks large enough such that

ak 1
0< szl_m<’7+02’

(5.19)
0< 2k — Ao <a+6
In this case, ds = ps + ns is bounded in L%_ﬁ (Qr). Then
¢
IV, = lim /1/1/¢Tk(p5)d5“(A§‘ — A%)dzds + lim /w/qﬁTk(p(;)dg‘Aa dx ds
6—0+t d—=07+
t aky 1 ka1
> —2kC lim, //da\Aa A% dx d //dgrl k2= dxds) "
0
¢
+ hm / /quTk Bds)dy A% dx ds + hm /1/}/¢Tk (Bsds) — Ty (Bds)]ds A% dx: ds
0
L 1
> —2kCa hm //d[;‘ maX{A(;’A})"‘ 1’146 A” dmdt)k (5.20)
0

t t
+/w/¢Tk(Bd)daAa dwds+61_i>%1+/w/¢[Tk(B5d5) — Ty(Bds)|de A* da ds
Q

0 Q 0
t

: ka ">
2—2k0a6£%+(//d5|145—14] dvdt)"

0 Q
t t

+0/¢Q/¢Tk(3d)d%4“ dxds+5l_i>%1+o/wﬂ/¢>[Tk(B5d5) — Ty(Bds)|d% A* da ds,

where (As, Bs) = (3%, %) with ds = ps +ns, (A, B) = (5, 5) with d = p +n.

In view of Theorem 2.2 with vx = 0, (5.20), and the arguments similar to (5.16), we have

t
IV, z/@b/gsm oA~ dxds+61ir§+/w/¢[Tk(Bgd5) — Ty(Bds)]d§ A dx ds
0 0
t
:/¢/¢T(p) oA~ dxds+6l_i>r(r)1+/w/¢ Tk (Bds) Tk(pg)) doA% dz ds
0 Q 0 Q
t

+ Jim [0 [ 6iTi(os) - Tu(Bas))i A* o s (5.21)
0 Q
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/ /¢Tk nO‘ dr ds + hm / / T; Bd5) Tk(p(;)) doA® dx ds+

lim, / v [ 6T (@3 A" —n)dods + Jim [0 [ 6{Ti(os) - (B3 A° dods,
0 Q 0

In view of Theorem 2.2 with vg = 0, in particular, of (2.9), we have

—Ads — 0 a.e. in Qr,

(5.22)
ps —Bds — 0 a.e.in Qrp,
as & — 0T (take the subsequence if necessary). (5.22) implies that
Ty (Bds) — T (ps) — 0 a.e.in Qr (5.23)

as § — 0T (take the subsequence if necessary).
Since (Tk (Bds)—Ty, (,05)) d*A%, Ty (p) (dFA*—ng), and [T (ps) — T (Bds)]dg A* are bounded uniformly

for § in [™"rE (Qr) norm for any fixed k£ > 0, we can use the Egrov theorem to conclude that the
last three terms on the right hand side of (5.21) vanish. Then we have

t

IV, 2/1/1/¢Tk(/3) n®dx ds. (5.24)
Q

0

Case 2. a € [1,00), 7 € (£,00), and %po < ng < copo-
In this case, we have (5.2). Then repeating the corresponding steps in Case 1, we get (5.24).
For IV3, we have

¢
1V :61_i>r(1)1+/1/1/¢Tk(n5)p} dx ds
0 Q

t

— 15 Y
= lim. / ” / OT4(Ads) p} da ds + lim / " / qﬁ(Tk —T Adg)) o1 dz ds
0 Q 0
o (5.25)
= lim / / OT(Ads) B} dards + lim / " / ST ( Ad5 BW) dz ds

§—0t
0 Q

+hm// Ty(ns) — T (Ad;) ) o} da ds.

Similar to the proof of (5.17), we have

§—0+

t
lim / " / ¢Ty(Ads) B d] da ds
Q

> / ¢ | ¢T(Ad)BYd" dx ds
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§—0+t

t t
~ lim / ¥ / O [ T4 (Ads) — Ti(ns)| B7T dar ds + 0/ " Q/ T () BYT da ds (5.26)

t
w/qb Ty, (Ads) Tk(ng)}BWd_vd:cds+/w ¢Ty (n)p7 dz ds
0

I
<
o\ﬂ_

t
+ lim /w/qm BWdV—p(;)dxds
0

For a,v > £ and a € (y—61,7+062), we have v < a+0;. In this case, d] and d? are bounded uniformly

mm{a+91 y+62}

for 4 in L (Qr) norm. For a € [1,00), v € (%,oo), and %po < ng < cppo, we have (5.2) which
- max{a+67, 0o}
implies that d] and d7 are bounded uniformly for § in L e (Q7) norm. Then using some similar

arguments as in the estimates of IV5, we conclude that the last two terms on the right hand side of (5.25)
and the first and the third terms on the right hand side of (5.26) vanish. Thus

t
V3 > /Q/J/quk(n)p_’deds. (5.27)
0

Q

(5.15) combined with the estimates of I'V;, i = 1,2, 3,4, i.e., (5.17), (5.18), (5.24), and (5.27), we have

[ [ o[ + Tt () e s
©oe t (5.28)

< lim /¢/¢[Tk(05)+Tk(n6)] (g +n§) dads,
Q

6—0t

where we have used
pY 4+ n® =p7 +n®.
(5.28) implies (5.14). The proof of the lemma is complete. O
Since ¢ and ¢ are arbitrary, we immediately get

Corollary 5.6. Let (ps,ns) be the solutions constructed in Proposition 4.8, and (p,n) be the limit, then

7o) + Tl (o7 +707) < [Tlp) + T(n)] (07 + )
a.e. on 2 x (0,7).
Step 2: Strong convergence of p; and ng

Here, we want to show the strong convergence of ps and ns. This allows us to have Proposition 5.4. As
n [12], we define
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zlogz, 0<z<k,

Li(2) = [T
zlogk+z/ k<s)ds, z>k,
k

52

satisfying
Li(2) = Brz — 2k for all z > 3k,
where
3kT )
Br = logk+/ k(;) ds + —.
s 3
k

We denote by (z) := Li(z) — Brz where b}.(z) = 0 for all large z, and
bi.(2)z — be(2) = Tr(2). (5.29)
Note that ps,ns € L*(Qr), p,n € L*(Qr), and us,u € L*(0,T; H}(2)). By Lemma 2.5, we conclude

that (ngs,us), (ps,us), (n,u) and (p,u) are the renormalized solutions of (4.28); and (5.5); for i = 1,2,
respectively. Thus we have

{[bk(f6)]t + div[br(fs)us| + [0}, (fs5)fs — bi(fs)]divus =0 in D'(Q7),
[bx ()] + div [br(f)u] + [03,(F)f = bi(f)]divu =0 in D'(Qr),

where fs = ps,ns and f = p,n. Thanks to (5.29) and by (z) = Li(2) — Brz, we arrive at

{[Lk(p(;) + Lk(né)}t + diV[(Lk(p(s) + Lk(n(;))u(;] + [Tk(p5) + Tk(ng)}divuts =0 in 'D/(QT),

This gives

[Li(ps) — Li(p) + Li(ns) — Li(n)]; + div[(Lx(ps) + Li(ns))us — (Li(p) + Li(n))u]

+ [Th(ps) + Ti(ns)]divus — [Ti(p) + Tr(n)]dive = 0. (5.30)

Taking ¢; as the test function of (5.30), and letting § — oo, we have

/[m — Li(p) + Li(n) — Li(n)]¢; dx
Q

§—0*t

— lim b/g/ [(Li(ps) + Li(ns))us — (Li(p) + Li(n))u] - V; dz ds (5.31)

§—0t

+ lim // <[Tk(p5) + Tk(n,;)]diVU5 - [Tk(p) + Tk(n)]divu> ¢jdrds =0,
0

where
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0; € CP(Q), ¢j(x)=1forany z € {x € Q|dist(x,8(2) > Jl}, 0<¢; <1, (5.32)

IVo;| < coj, 05 =1 as m — oo

for some positive ¢y independent of j.
Letting j — oo in (5.31), we gain

/ERE—LMM+LAM—LMMMx
. (5.33)

6—0t

=— lim // ([Tk(p5) + Tk(ng)]diVU§ — [Tk(p) + Tk(n)}divu) dx ds.

In view of Lemma 5.3, we have

— lim //[Tk(p(;)—i—Tk(ng)]divu(sdxds

§—0+

T 2u A 5—)0"’ // Ti(ps) + T(ns) | [(20 + N)divus — pj — n§] dwds

// Tk (ps +Tk(n5)][p5+n5]dxds

Q;L + A 6%0+

) (5.34)

Tis(p) + Te(n)] [(2p + N)divu — p7 + n®] dx ds

t
2M Y 5H0+ // (1 —;0;) [Tr(ps) + Tr(ns)] [(2p + N)divus — pf — ng] da ds
0

2u+)\ 5—>0+// Ti(ps) + T n(;)] [p} +n§‘] dz ds,
0

where 1; and ¢; are given by (4.23) and (4.24) respectively. Letting j — oo in (5.34), we have

— lim //[Tk(p5)+Tk(n5)}divu(;dxds

6—0+

t

) + Ti(n)] [(2 + N divu — p7 + n?| da ds (5.35)

(=)

2u+)\6—>0+// Ty (ps) + Tr(ns)] [pg + ng] dx ds.
0

In view of (5.33) and (5.35), we have

[~ Lap) + T — L) o
Q
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k(n)) (p7 +n%) dz ds

¢
Y <Ho+// Ti(ps) + T(ns)] () + ng) du ds
0

"‘O/SZ[Tk(P) — Ti(p) + Ti(n) — Ti(n)]divu dz ds,

with Corollary 5.6, which gives

/ [Li(p) — Li(p) + L(n) — Li(n)] da < / / [T(p) — Ti(p) + Ti(n) — Ti(n)ldivudeds.  (5.36)
Q 0 Q

Here we are able to control the right-hand side of (5.36) as in the following lemma.

Lemma 5.7.

lim //Tk Tr(p) + Ti(n) — Ti(n)|divu dz ds = 0. (5.37)

k—o0

Proof. Recalling that T'(z) < z for all z, we have

I1T(p) = T(p) | L2(Qry <liminf || Tk(p) = Tic(ps)llL2(@r)
<Climinf {lp + ps| Lr+o2 (@r)
<C,

where we have used the Holder inequality, v+ 62 > 2, (5.1), (5.3), and (5.4). With the help of this estimate,
(5.3), and (5.4), one deduces

|/t/ ]dlvudxds{

< / [Tulp) = T [dival dads + [ [Tu(p) = TuGp)l dival do ds (5.38)
Q:N{p>k} Qin{p<k}

<IITw(p) = Tu(p) | 2@y 1divall L2 (@, ngpsry) + 1T6(0) = Tilp)ll 2@, ip<iy) ldivel 2 (o)

<Clldivull L2 (q,ngpzry) + CllTk(p) — WHLQ(Qtﬂ{pSk})'

Note that Ty (z) = z if z < k, we have
IT5(p) = Ti(o) | 22 (@ungozry) =No = Tl 22 (@ungoziy)
<liminf [lps = Te(ps)ll 22(0r)
=liminf |ps — Ti(ps)llL2@rnips>k}) (5.39)

<2 1&3@ ||P6HL2(QT0{pa >k})
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<ok F timinf s 2. —0
= n ot ool poea @r)

as k — oo, due to (5.1) and the assumption vy >  such that v + 6, > 2.
By (5.38) and (5.39), we conclude

li [Tk (p) — Ti(p)|divu dz ds = 0. (5.40)

k—

g E
O\@»
O —

Similarly, we have

k—o0

lim O/Q/[Tk(n) — Ty (n)]divu dz ds = 0. (5.41)

With (5.40) and (5.41), (5.37) follows. O

Note that (5.36) and (5.37), we have

lim sup / Z4(p) — Li(p) + L(n) — Ly(n)] da < 0, (5.42)

k—o0

By the definition of L(-), it is not difficult to justify that

Jim [IIL4(p) = plog pllzs o) + ILe(n) = nlog |z ey] =0,

_ - (5.43)
Jim [IZ40p) = pTog pllzs oy + T4 (n) — nlog i ey] = 0.
Since plog p < plog p and nlogn < nlogn due to the convexity of z — zlog z, we have
OS/[plogpfplongrnlognfnlogn]dx§O, (5.44)

Q

where we have used (5.42) and (5.43). Thus we obtain
plogp =plogp and nlogn =mnlogn.

It allows us to have the strong convergence of ps and ns in L7(Qr) and in L*(Qr) respectively. Therefore
we proved (5.13). O
With Proposition 5.4, the proof of Theorem 1.2 can be done.
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